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Appendix A Metropolis-Within-Gibbs

Starting with the work of Beveridge and Nelson (1981), Harvey (1985), and Clark (1987)

several methodologies have been suggested in the literature to estimate tend-cycle models

with unobserved components. As discussed in Harvey et al. (2007), frequentist techniques

tend to deliver inaccurate estimates and – as a result – implausible cycles and trends,

due to large estimation uncertainty. Conversely, Bayesian methods, which allow for the

incorporation of a-priori knowledge into the model estimation, make it possible to con-

sistently estimate both univariate and multivariate trend-cycle decompositions via efficient

numerical methods.

In estimating our model we adopt a Metropolis-Within-Gibbs algorithm. However,

since this approach tend to have slow performances in large dimensions, we run a simulation

smoother only after the burn-in period to gain computational speed. In fact, during the

burn-in period, we only employ a Kalman filter with exact diffuse initial conditions to

estimate the likelihood function, as described in Koopman and Durbin (2000) and Durbin

and Koopman (2012). This significantly increases the speed of the estimation which, given

the large state-space of our model, is useful.

A.1 Algorithm

The algorithm is structured in two blocks: (1) a Partially Adaptive Metropolis (e.g., Herbst

and Schorfheide, 2015) step for the estimation of the state-space parameters, (2) a Gibbs

sampler to draw the unobserved states conditional on the model parameters. In a Partially

Adaptive Metropolis the variance covariance matrix, Σ, of the candidate distribution is

generated in an initialisation step.

Algorithm: Metropolis-Within-Gibbs

Initialisation

For s = 1, . . . , ns (ns = 40000)
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1. Metropolis Algorithm

i. Draw a candidate vector for the unbounded parameters (θ∗), from a mul-

tivariate normal distribution with mean θs−1 and variance ωI, where ω is a

scaling constant used to get an acceptance rate between 25% and 35%

ii. Set

θs =

θ∗ with probability η

θs−1 with probability 1− η
(1)

for

η = min

(
1,

p(y | f(θ∗)−1) p(f(θ∗)
−1) J(θ∗)

p(y | f(θs−1)−1) p(f(θs−1)−1) J(θs−1)

)
(2)

2. Discard the first s = 1, . . . , n0 (n0 = 20000) draws of θs.

Recursion

1. Metropolis Algorithm

Set Σ to the sample covariance of the chain of θs, (s = {n0, . . . , ns}), from the

Initialisation step.

For q = 1, . . . , nq (nq = 20000)

i. Draw a candidate vector for the parameters (θ∗), from a multivariate normal

distribution with mean θq−1 and variance ωΣ, where ω is set to have an

acceptance rate between 25% and 35%

ii. Set

θq =

θ∗ with probability η

θq−1 with probability 1− η
(3)

where η is defined as in the Initialisation step.

2. Gibbs sampling

For nq > n∅ for n∅ = 10000 (burn-in period), apply the univariate approach

for multivariate time series of Koopman and Durbin (2000) to the simu-

lation smoother proposed in Durbin and Koopman (2002) to sample the
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unobserved states, conditional on the parameters. In doing so, we follow

the refinement proposed in Jarociński (2015).

3. Discard the first q = 1, . . . , n∅ draws of θq.

Jacobian Most of these parameters are constrained (or bounded) in their support (e.g.

the variances of the shocks are greater than zero). The standard approach used to tackle

this problem is to transform the bounded parameters (Θ) so that the support of the trans-

formed parameters (θ) is unbounded. Our Metropolis algorithm draws the model para-

meters in the unbounded space in order to avoid a-priori rejections and to obtain a more

efficient estimation routine.1 The following transformations have been applied to paramet-

ers with Normal, Inverse-Gamma and Uniform priors, respectively:

θNj = ΘN
j

θIGj = ln(ΘIG
j − aj)

θUj = ln

(
ΘU

j − aj
bj −ΘU

j

)

Where aj and bj are the lower and the upper bounds for the j-th parameter. These

transformations are functions f(Θ) = θ, with inverses f(θ)−1 = Θ given by:

ΘN
j = θNj

ΘIG
j = exp(θIGj ) + aj

ΘU
j =

aj + bj exp(θ
U
j )

1 + exp(θUj )

1This description uses the same notation and a similar approach to the one described in Warne (2008)
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These transformations must be taken into account when evaluating the natural logarithm

of the prior densities in (2), by adding the Jacobians of the transformations of the variables:

ln

(
dΘN

j

dθNj

)
= 0

ln

(
dΘIG

j

dθIGj

)
= θIGj

ln

(
dΘU

j

dθUj

)
= ln(bj − aj) + θUj − 2 ln(1 + exp(θUj ))

Code The code is written in Julia and it is available on GitHub.
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Appendix B Posteriors of all parameters

Figure 1: Coefficients
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Figure 2: Variance of shocks

Figure 3: Drifts
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Figure 4: Frequency of cycles
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Figure 5: Persistence of cycles
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Appendix C Robustness to Priors
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Figure 6: The chart reports the posterior distributions of the variance of the shocks to the business cycle
(top), energy price cycle (middle), and common trend (bottom) when the inverse gamma priors of those
variances have different shape and scale parameters.
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Appendix D Building up the Model

D.1 Model A: small-scale model with AR(1) cycles and without

dynamic heterogeneity

For this model we used the data reported in the table below.

Table 1: Data and transformations

Variable Symbol Mnemonic Transformation

Real GDP yt y Levels
Unemployment rate ut u Levels
Oil price oilt oil Levels
CPI inflation πt π YoY
SPF: Expected CPI F spf

t πt+4 spf Levels

Note: The table lists the macroeconomic variables used in the empirical model. ‘SPF: Expected CPI’ is
the Survey of Professional Forecasters, 4-quarters ahead expected CPI inflation rate. The oil price is the
West Texas Intermediate Spot oil price.

The observation equation for this model is:

yt

ut

oilt

πt

F spf
t πt+4


=



1 0

δu,1 0

δoil,1 0

δπ,1 ϕπ

δspf,1 + δspf,2L ϕspf


ψ̂t

µπ
t

+



ψy
t

ψu
t

ψoil
t

ψπ
t

ψspf
t


+



µy
t

µu
t

µoil
t

0

µspf
t


(4)

where ϕπ and ϕspf are normalised to have unitary loading of inflation and inflation expect-

ations on trend inflation.2 The cycles are modelled as stationary AR(1) with a U(-0.97,
2In the empirical model, the series are standardised so that the standard deviations of their first

differences are equal to one. For this reason, we normalise ϕπ and ϕspf to the reciprocal of the standard
deviation of the first difference of the respective variable.
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0.97) prior on the autoregressive coefficients.
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Figure 8: Independent trends of output, unemployment, and oil prices (in blue), with coverage intervals
at 68% coverage (dark shade) and 90% coverage (light shade), as estimated by the model. The chart also
reports the measures of potential outputs and NAIRU estimated by the CBO (in red).
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Figure 9: Trend common to CPI inflation and SPF inflation expectations (in blue), with coverage intervals
at 68% coverage (dark shade) and 90% coverage (light shade), as estimated by the model.
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Figure 10: Historical decomposition of the cycles, as estimated by the model. The chart reports the
Business cycle (in blue), and idiosyncratic cycle (in yellow).
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D.2 Model B: Model A with ARMA(2,1) cycles

Same data and observation equation used for the model A. Cycles are modelled as in the

baseline trend-cycle model in the main text - i.e. as ARMA(2,1).
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Figure 11: Independent trends of output, unemployment, and oil prices (in blue), with coverage intervals
at 68% coverage (dark shade) and 90% coverage (light shade), as estimated by the model. The chart also
reports the measures of potential outputs and NAIRU estimated by the CBO (in red).
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Figure 12: Trend common to CPI inflation and SPF inflation expectations (in blue), with coverage
intervals at 68% coverage (dark shade) and 90% coverage (light shade), as estimated by the model.
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Figure 13: Historical decomposition of the cycles, as estimated by the model. The chart reports the
Business cycle (in blue), and idiosyncratic cycle (in yellow).
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D.3 Model C: Model B with EP cycle

For this model we used the data reported in Table 1. The observation equation for this

model is:



yt

ut

oilt

πt

F spf
t πt+4


=



1 0 0

δu,1 0 0

δoil,1 1 0

δπ,1 γπ,1 ϕπ

δspf,1 + δspf,2L γspf,1 ϕspf




ψ̂t

ψEP
t

µπ
t

+



ψy
t

ψu
t

ψoil
t

ψπ
t

ψspf
t


+



µy
t

µu
t

µoil
t

0

µspf
t


(5)

where ϕπ and ϕspf are normalised to have unitary loading of inflation and inflation expect-

ations on trend inflation.3

3In the empirical model, the series are standardised so that the standard deviations of their first
differences are equal to one. For this reason, we normalise ϕπ and ϕspf to the reciprocal of the standard
deviation of the first difference of the respective variable.
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Figure 14: Independent trends of output, unemployment, and oil prices (in blue), with coverage intervals
at 68% coverage (dark shade) and 90% coverage (light shade), as estimated by the model. The chart also
reports the measures of potential outputs and NAIRU estimated by the CBO (in red).
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Figure 15: Trend common to CPI inflation and SPF inflation expectations (in blue), with coverage
intervals at 68% coverage (dark shade) and 90% coverage (light shade), as estimated by the model.
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Figure 16: Historical decomposition of the cycles, as estimated by the model. The chart reports the
Business cycle (in blue), Energy price cycle (in red), and idiosyncratic cycle (in yellow).
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D.4 Model D: Model C with employment and core inflation

For this model we used the data reported in the table below.

Table 2: Data and transformations

Variable Symbol Mnemonic Transformation

Real GDP yt y Levels
Employment et e Levels
Unemployment rate ut u Levels
Oil price oilt oil Levels
CPI inflation πt π YoY
Core CPI inflation πc

t πc YoY
SPF: Expected CPI F spf

t πt+4 spf Levels

Note: The table lists the macroeconomic variables used in the empirical model. ‘SPF: Expected CPI’ is
the Survey of Professional Forecasters, 4-quarters ahead expected CPI inflation rate. The oil price is the
West Texas Intermediate Spot oil price.

The observation equation for this model is:

yt

et

ut

oilt

πt

πc
t

F spf
t πt+4


=



1 0 0

δe,1 0 0

δu,1 0 0

δoil,1 1 0

δπ,1 γπ,1 ϕπ

δπc,1 γπc,1 ϕπc

δspf,1 + δspf,2L γspf,1 ϕspf




ψ̂t

ψEP
t

µπ
t

+



ψy
t

ψe
t

ψu
t

ψoil
t

ψπ
t

ψπc

t

ψspf
t


+



µy
t

µe
t

µu
t

µoil
t

0

0

µspf
t


(6)

where ϕπ, ϕπc and ϕspf are normalised to have unitary loading of inflation and inflation

expectations on trend inflation.4

4In the empirical model, the series are standardised so that the standard deviations of their first
differences are equal to one. For this reason, we normalise ϕπ, ϕπc and ϕspf to the reciprocal of the
standard deviation of the first difference of the respective variable.
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Figure 17: Independent trends of output, employment, unemployment, and oil prices (in blue), with
coverage intervals at 68% coverage (dark shade) and 90% coverage (light shade), as estimated by the
model. The chart also reports the measures of potential outputs and NAIRU estimated by the CBO (in
red).
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Figure 18: Trend common to CPI inflation, core CPI inflation, and inflation expectations (in blue),
with coverage intervals at 68% coverage (dark shade) and 90% coverage (light shade), as estimated by the
model.
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Figure 19: Historical decomposition of the cycles, as estimated by the model. The chart reports the
Business cycle (in blue), Energy price cycle (in red), and idiosyncratic cycle (in yellow).
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D.5 Model E: Model D with University of Michigan inflation

expectations

For this model we used the data reported in the table below.

Table 3: Data and transformations

Variable Symbol Mnemonic Transformation

Real GDP yt y Levels
Employment et e Levels
Unemployment rate ut u Levels
Oil price oilt oil Levels
CPI inflation πt π YoY
Core CPI inflation πc

t πc YoY
UoM: Expected inflation F uom

t πt+4 uom Levels
SPF: Expected CPI F spf

t πt+4 spf Levels

Note: The table lists the macroeconomic variables used in the empirical model. ‘UoM: Expected inflation’
is the University of Michigan, 12-months ahead expected inflation rate. ‘SPF: Expected CPI’ is the Survey
of Professional Forecasters, 4-quarters ahead expected CPI inflation rate. The oil price is the West Texas
Intermediate Spot oil price.

The observation equation for this model is:



yt

et

ut

oilt

πt

πc
t

F uom
t πt+4

F spf
t πt+4



=



1 0 0

δe,1 0 0

δu,1 0 0

δoil,1 1 0

δπ,1 γπ,1 ϕπ

δπc,1 γπc,1 ϕπc

δuom,1 + δuom,2L γuom,1 ϕuom

δspf,1 + δspf,2L γspf,1 ϕspf




ψ̂t

ψEP
t

µπ
t

+



ψy
t

ψe
t

ψu
t

ψoil
t

ψπ
t

ψπc

t

ψuom
t

ψspf
t



+



µy
t

µe
t

µu
t

µoil
t

0

0

µuom
t

µspf
t



(7)

where ϕπ, ϕπc , ϕuom and ϕspf are normalised to have unitary loading of inflation and

inflation expectations on trend inflation.5

5In the empirical model, the series are standardised so that the standard deviations of their first
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Figure 20: Independent trends of output, employment, unemployment, and oil prices (in blue), with
coverage intervals at 68% coverage (dark shade) and 90% coverage (light shade), as estimated by the
model. The chart also reports the measures of potential outputs and NAIRU estimated by the CBO (in
red).

differences are equal to one. For this reason, we normalise ϕπ, ϕπc , ϕuom and ϕspf to the reciprocal of the
standard deviation of the first difference of the respective variable.
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Figure 21: Trend common to CPI inflation, core CPI inflation, and inflation expectations (in blue),
with coverage intervals at 68% coverage (dark shade) and 90% coverage (light shade), as estimated by the
model.
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Figure 22: Historical decomposition of the cycles, as estimated by the model. The chart reports the
Business cycle (in blue), Energy price cycle (in red), and idiosyncratic cycle (in yellow).
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Appendix E Employment-to-Population Ratio

The state-space model is identical to the one reported in the main text.

Table 4: Data and transformations

Variable Symbol Mnemonic Transformation

Real GDP yt y Levels
Employment-to-population ratio et e Levels
Unemployment rate ut u Levels
Oil price oilt oil Levels
CPI inflation πt π YoY
Core CPI inflation πc

t πc YoY
UoM: Expected inflation F uom

t πt+4 uom Levels
SPF: Expected CPI F spf

t πt+4 spf Levels

Note: The table lists the macroeconomic variables used in the empirical model. ‘UoM: Expected inflation’
is the University of Michigan, 12-months ahead expected inflation rate. ‘SPF: Expected CPI’ is the Survey
of Professional Forecasters, 4-quarters ahead expected CPI inflation rate. The oil price is the West Texas
Intermediate Spot oil price.
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Figure 23: Independent trends of output, employment, unemployment, and oil prices (in blue), with
coverage intervals at 68% coverage (dark shade) and 90% coverage (light shade), as estimated by the
model. The chart also reports the measures of potential outputs and NAIRU estimated by the CBO (in
red).
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Figure 24: Trend common to CPI inflation, core CPI inflation, and inflation expectations (in blue),
with coverage intervals at 68% coverage (dark shade) and 90% coverage (light shade), as estimated by the
model.
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Figure 25: Historical decomposition of the cycles, as estimated by the model. The chart reports the
Business cycle (in blue), Energy price cycle (in red), and idiosyncratic cycle (in yellow).
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Appendix F Global Activity

F.1 Correlation of Cycles with Global Activity Indicators

Panel (A): Business Cycle
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Figure 26: Scatter-plots and regression lines of the business cycle and the energy price cycle (differenced
and standardised) on three global activity variables: (i) the Baltic Dry Index (BDI), initially proposed
by Kilian (2009) but taken in level; (ii) the measure of global industrial production (GIP) proposed by
Baumeister and Hamilton (2019) and based on the OECD methodology; and (iii) the Global Condition
Index (GCI) of Cuba-Borda et al. (2018).
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Table 5: Data and transformations

Variable Symbol Mnemonic Transformation

Real GDP yt y Levels
Employment et e Levels
Unemployment rate ut u Levels
Global industrial production ipt ip Levels
Baltic Dry Index bdit bdi Levels
Oil price oilt oil Levels
CPI inflation πt π YoY
Core CPI inflation πc

t πc YoY
UoM: Expected inflation F uom

t πt+4 uom Levels
SPF: Expected CPI F spf

t πt+4 spf Levels

Note: The table lists the macroeconomic variables used in the empirical model. ‘UoM: Expected inflation’
is the University of Michigan, 12-months ahead expected inflation rate. ‘SPF: Expected CPI’ is the Survey
of Professional Forecasters, 4-quarters ahead expected CPI inflation rate. The oil price is the West Texas
Intermediate Spot oil price. The Baltic Dry Index is issued daily by the London-based Baltic Exchange as
a proxy for global activity. Global industrial production was downloaded from James Hamilton’s webpage
and it is part of the replication dataset of Baumeister and Hamilton (2019).

F.2 A Model with Global Indicators

Our model in x̃t := {yt, et, ut, ipt, bdit, oilt, πt, πc
t , F

uom
t πt+4, F

spf
t πt+4} can be written as



yt

et

ut

ipt

bdit

oilt

πt

πc
t

F uom
t πt+4

F spf
t πt+4



=



1 0 0

δe,1 + δe,2L 0 0

δu,1 + δu,2L 0 0

δip,1 + δip,2L 1 0

δbdi,1 + δbdi,2L γbdi 0

δoil,1 + δoil,2L γoil,1 + γoil,2L 0

δπ,1 + δπ,2L γπ,1 + γπ,2L ϕπ

δπc,1 + δπc,2L γπc,1 + γπc,2L ϕπc

δuom,1 + δuom,2L+ δuom,3L
2 γuom,1 + γuom,2L ϕuom

δspf,1 + δspf,2L+ δspf,3L
2 γspf,1 + γspf,2L ϕspf




ψ̂t

ψGD
t

µπ
t

+



ψy
t

ψe
t

ψu
t

ψip
t

ψbdi
t

ψoil
t

ψπ
t

ψπc

t

ψuom
t

ψspf
t



+



µy
t

µe
t

µu
t

µip
t

µbdi
t

µoil
t

0

0

µuom
t

µspf
t



(8)

where ϕπ, ϕπc , ϕuom, and ϕspf are normalised to have unitary loading of inflation and

inflation expectations on trend inflation.6

6In the empirical model, the series are standardised so that the standard deviations of their first
differences are equal to one. For this reason, we normalise ϕπ, ϕπc , ϕuom, and ϕspf to the reciprocal of the
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Figure 27: Independent trends of output, employment, unemployment, and oil prices (in blue), with
coverage intervals at 68% coverage (dark shade) and 90% coverage (light shade), as estimated by the
model. The chart also reports the measures of potential outputs and NAIRU estimated by the CBO (in
red).

standard deviation of the first difference of the respective variable.

39



19
86

19
88

19
90

19
92

19
94

19
96

19
98

20
00

20
02

20
04

20
06

20
08

20
10

20
12

20
14

20
16

20
18

0

5

19
86

19
88

19
90

19
92

19
94

19
96

19
98

20
00

20
02

20
04

20
06

20
08

20
10

20
12

20
14

20
16

20
18

0

5

19
86

19
88

19
90

19
92

19
94

19
96

19
98

20
00

20
02

20
04

20
06

20
08

20
10

20
12

20
14

20
16

20
18

0

5

19
86

19
88

19
90

19
92

19
94

19
96

19
98

20
00

20
02

20
04

20
06

20
08

20
10

20
12

20
14

20
16

20
18

0

5

Data Trend CI, 84% CI, 90%

P
er

ce
nt

P
er

ce
nt

P
er

ce
nt

P
er

ce
nt

CPI inflation

Core CPI inflation

UoM: Expected inflation

SPF: Expected inflation

Figure 28: Trend common to CPI inflation, core CPI inflation, and inflation expectations (in blue),
with coverage intervals at 68% coverage (dark shade) and 90% coverage (light shade), as estimated by the
model.
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Figure 29: Historical decomposition of the cycles, as estimated by the model. The chart reports the
Business cycle (in blue), Energy price cycle (in red), and idiosyncratic cycle (in yellow).
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Appendix G Priors for the Long-Run

In section 7 we compare the forecast of the trend-cycle model with the forecast of a Bayesian

VAR with the priors for the long run proposed in Giannone et al. (2019). Those priors

require us to elicit a matrix H that captures the cointegration relationships between the

variables in our information set {yt, et, ut, oilt, πt, πc
t , F

uom
t πt+4, F

spf
t πt+4}. In the forecast

exercise we adopt the following H matrix, in line with the assumptions made in the trend-

cycle model:

H =



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 1 1 1

0 0 0 0 −1 1 0 0

0 0 0 0 −1 0 1 0

0 0 0 0 −1 0 0 1



← Idio trend in GDP

← Idio trend in Employment

← Idio trend in Unemployment Rate

← Idio trend in Oil prices

← Common trend in inflation and expectations

← CPI and core inflation are cointegrated

← CPI and UoM expectations are cointegrated

← CPI and SPF expectations are cointegrated

(9)
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